
Chapter 1
Fireflies: a Paradigm in Synchronization

G. M. Ramı́rez-Ávila, J. Kurths, and J. L. Deneubourg

Abstract Synchronous flashing in Fireflies is perhaps the first observed natural phe-
nomenon displaying synchronization of a large ensemble. During a long time, this
collective behavior was not recognized and validated as synchronous, but nowadays
it constitutes a paradigmatic example of synchronization. In this chapter, we explain
biological aspects related to fireflies flashing and their functionality. The response
to synchronization observed in some firefly species is illustrated utilizing a model
based on electronic fireflies, and we explore the consequences of the firefly courtship
as a whole process including the males’ synchronization and the corresponding fe-
males’ response. Some other aspects are pointed out, such as fireflies inspired mod-
els for communication networks, and the use of firefly synchronization concept in
mobile networks and other devices. Finally, we explore the actual applications in-
spired in fireflies synchronicity and also the perspectives both in biomedical issues
and in technological systems including robotics. This chapter attempts to reveal the
most important aspects related to firefly synchronization providing an extensive bib-
liography which allows the reader to deepen in all the exciting and fascinating issues
linked to the firefly behavior.
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1.1 Introduction

All living beings exhibit oscillatory behavior manifested internally in metabolic,
cellular, and molecular processes. Among those, glycolytic oscillations observed
in muscles and yeast, oscillations of cyclic AMP found in Dictyostelium amoe-
bae, mitotic oscillations leading to cell division cycle in eukaryotes, the pulsatile
hormone signaling, the calcium oscillation observed at the level of internal part of
cells, and circadian rhythms [37]. Nevertheless, the animated matter is also able
to manifest oscillatory features that can be perceived by the senses of other living
beings and especially by humans. Among the temporal patterns that humans can
recognize in other species, we can mention the locust mass migration, and several
synchronous behaviors such as in chewing, chirping, breeding, and flashing [15].
Synchronization is a widespread phenomenon both in nature and in artificial sys-
tems; it consists in the adjustment of the time scales among oscillators due to a weak
coupling [73] implying the emergence of structural order analogous to phase transi-
tions [63]. Synchronization has deserved a lot of interest in the last two decades in
which, thousands of papers, extensive reviews, and books treated this phenomenon
related to chaotic aspects [5], and its applications to living [69], communication
[47], networks [61], and mechanical systems [70]. There is also an excellent pop-
ularization book dealing with the most important features of synchronization and
surely with fireflies [91]. Perhaps, the human light perception is the primary and
most important connection with the environment. The sunlight, the moonlight, the
brightness of different objects in the sky, the fire, and the light of certain animals,
have undoubtedly triggered an intense curiosity in the human beings. The above-
mentioned phenomena were not only observed by humans, but they intended to
explain how and why those events occur, and they also tried to manage them find-
ing numerous applications leading to a better lifestyle, establishing in this way, a
qualitative difference with other species. Among the light emitting animals, fire-
flies possibly constitute the most charismatic and typical behavior because of their
proximity, accessibility, and innocuity for humans. Several works have been carried
out to describe, classify and study fireflies originating publications about taxon-
omy [50, 60], geographical distribution of certain species [32], diverse issues on
the light organ [11], and recently genetic analyses associated to phylogenetics and
systematics of some species [3] or in evolutionary problems linked to the flash-
ing [64]. Throughout this chapter, we explain many biological, chemical, physical
and mathematical aspects to unravel the firefly flashing synchronization, its con-
sequences and potentials. In Sect. 1.2, we cover the bioluminescent features such
as flashes colors and spectra of the fireflies [32], describing them under different
perspectives going from their chemical aspects related to enzymes [66] or oxida-
tion mechanisms [8] to their physical ones in connection with the influence of static
magnetic fields [43]. In Sect. 1.3, we give the basis to understand why the evolution
drives the fireflies to synchronize and the functional interpretation of this behav-
ior [59] mainly implying communication aspects [16] in flash pattern recognition
[14] as a fireflies’ “language” related to courtship [13]. The heart of this chapter
constitutes the physical-mathematical approach attempting to explain how and why
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diverse species of fireflies synchronize, the latter is considered with certain detail in
Sect. 1.4 where we start with a toy model called the “solitary flash” [90]; then, we
consider multi-agent systems (MASs) based models using well-known platforms
and dealing with features related to firefly-inspired synchronization [7]. Thereafter,
the details of phase and relaxation oscillators as the first approach for understanding
fireflies synchronization [1, 23, 99] are given. Before to end Sect. 1.4, synchroniza-
tion of pulse-coupled oscillators (PCOs) are described [62, 67, 76] mainly from a
biological application perspective emphasizing the family of integrate-and-fire os-
cillators (IFOs) [42]. In Sect. 1.5, a consistent explanation of the phenomenon of
response to synchronization [31] as a complete process of courtship is done sup-
ported by experimental results using artificial flashes [14, 68] and by a formal model
[75, 78]. Finally, in Sect. 1.6, we explore the firefly-inspired synchronization and its
applications including evolvable systems [92], wireless and other technological net-
works [7, 34, 54, 95], electronic and robotic devices [7, 21, 28, 76, 85] or even in
improving light extraction efficiency [4]. All the aspects mentioned above give us
a large bundle of concepts, models, and applications related to fireflies’ collective
behavior which constitutes a paradigmatic example of synchronization.

1.2 The light of fireflies

The first question that arises concerning the glowing insects is how and why fire-
flies emit light flashes. First of all, it is important to grasp the mechanisms leading
to fireflies bioluminescence. We can approach this phenomenon considering three
viewpoints: (i) Phenomenologically, in which, macroscopic aspects of the light are
important such as the functionality of the emission comprising defense, offense,
communication and propagation [98]. (ii) Chemically, as firstly stated by Dubois
in 1887 [25], the processes involved in the production of light might be seen as a
complex machinery, where two key substances luciferin (LH2) and luciferase (Luc)
allow the phenomenon to takes place in the presence of oxygen (O2). This mecha-
nism is common to several species exhibiting bioluminescence. (iii) Physically, the
reactions in which single-electron-transfer seems to be essential for the mechanism
leading to the production of the photon involved in bioluminescence [8].

The curiosity for the lightning innards of some living beings, in particular for
fireflies that are the most accessible to the sense of sight triggered scientific work
with the aim of deciphering the involved processes leading to firefly flashing. De-
tailed and systematic observations of flashing fireflies started perhaps with the ex-
periences of Leconte in 1881, who described in detail the American Lampirydae
[50]. Almost at the same time, in France, Dubois studied the bioluminescent bee-
tles called Pyrophorus [24] and also the Pholadidae, a family of bivalve mollusks
[25] trying to understand the “light production” in these animals through observing
the mores, the morphological features, and the structure of the luminous organ. As
above mentioned, Dubois identified the essential substances for the chemical reac-
tions conducting to the light emission, and also generalized the idea that these chem-
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ical substances might be similar in different phosphorescent animals [26]. Several
qualitative observations have been made in diverse fireflies species. Firstly, studying
mating behaviors [65], then focusing on the control of flashing in fireflies [41], or
on the effects of chemical compounds [36] and physical variables on the flashing
features, such as temperature [27], light [20], static magnetic fields [44] or pulsed
ones [43].

From a chemical point of view, the term bioluminescence introduced by Harvey
in 1916 [40] is a fundamental concept to explain the cold light emission by living
organisms, in particular by fireflies. The chemical aspects related to fireflies light
emission had started to be developed since the origin of the identification of LH2
and Luc. There were some works where these types of substances were extracted
to show their phosphorescence properties [38]. After the discovery of these com-
pounds in fireflies [39], scientists realized their importance and significant role in
the production of light. The mechanisms of bioluminescence were unraveled both
generically in all the living beings exhibiting this feature [88, 98], and particularly
in fireflies [66]. It is possible to summarize the bioluminescent processes by simple
chemical reactions as those shown below:

LH2 + O2
Luc Oxyluciferin + CO2 + hν (1.1)

Photoprotein + Ca2+ Protein coelenteramide + CO2 + hν , (1.2)

where the first reaction depicts the oxidation of luciferin giving place to the protein-
bound Oxyluciferin and a photon with frequency ν . On the other hand, in the second
reaction, a conventional Photoprotein activated by calcium ions results into protein-
bound coelenteramide. Specifically for fireflies, the reactions are

LH2 + ATP + Luc Luc·LH2 AMP + PPi (1.3)

E·LH2 AMP + O2 Luc + AMP + CO2 + Oxyluciferin + hν , (1.4)

with a wavelength photon λmax=560 nm (yellow-green).
Finally, from a physical viewpoint, apart from some variables susceptible to af-

fect the firefly flashing (temperature, light, static and pulsed magnetic fields, etc.);
there are microscopic aspects especially in relationship with the process of oxida-
tion. More specifically, the oxygen supply mechanism [94] or the single-electron-
transfer pathway for the critical oxidative process [8]. These microscopic studies
are carried out using modern experimental techniques such as synchrotron phase-
contrast microtomography and transmission x-ray microscopy.

Certainly, chemiluminescence and bioluminescence are closely related and al-
though, in a first stage, the efforts were devoted to the explanation of the chemical
processes giving rise to luminescence in some living beings. Nowadays, several
works are contributing not only to unravel the mechanisms of bioluminescence but
also to find applications in several fields including clinics, imagery, drug discovery,
genetics, forensics, environmental monitoring, and conservation of cultural heritage
among others. A detailed description of the above-mentioned applications is done
in [81]. Recently, the relationship of firefly light-extraction efficiency [4], inspired
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similar mechanism for light-emitting diodes. The Nobel prize 2008 in chemistry
awarded to Osamu Shimomura, Martin Chalfie, and Roger Y. Tsien for the discov-
ery and development of the green fluorescent protein, GFP constitutes a milestone
in bioluminescence and also a reward for the efforts performed in advance of the
knowledge of the phenomenon firstly observed in fireflies.

1.3 Why fireflies synchronize?

The succession of observations made to conclude that the primary function of syn-
chronization in fireflies is that of courtship has meant a long and tortuous road that
has often led to incorrect interpretations. Fortunately, the scientific approach was
imposed, and it is now possible to state that fireflies collective flashing is perhaps
the most cited phenomenon as an example of synchronization.

1.3.1 First encounters with synchronous fireflies

As stated by Roda [82], the oldest known written document describing qualitative
and nonsystematic observations on flashing fireflies and glow-worms were made in
China, dating roughly from 1500 to 1000 BCE. The knowledge and observation of
fireflies were common in several cultures such as the Mayas where they played a
role in religious practices and also in mythology associated with the cigar smoking.
However, there is no doubt that the most interesting phenomenon when sighting en-
sembles of fireflies, is the ability that certain species exhibit to attain collective syn-
chronous flashing. The first reported observation on firefly-synchronization is due to
Engelbert Kaempfer a Dutch physician, naturalist, and explorer born in Westphalia,
in the present German territory. As a result of his observations during his voyage to
Japan and Siam (1690–1692) he wrote (quoted in [10]):

The Glowworms (Cicindelae) represent another shew, which settle on some Trees, like a
fiery cloud, with this surprising circumstance, that a whole swarm of these Insects, having
taken possession of one Tree, and spread themselves over its branches, sometimes hide their
Light all at once, and a moment after make it appear again with the utmost regularity and
exactness, as if they were in perpetual Systole and Diastole.

The latter constitutes the first description of synchronization in a large population of
coupled oscillators. After that, several observations of firefly synchronization were
reported among the most interesting; we only mention the citation due to Theobald
[93] who based in a comment about the unison light of fireflies, wrote:

In Pegu, however, I have witnessed the exhibition in question; myriads of fireflies emitting
their light, and again relapsing into darkness, in the most perfect unison .... The bushes
overhanging the water were one mass of fireflies .... The light of this great body of insects
was given out .... in rhythmic flashes, and for a second or two lighted up the bushes in a
beautiful manner; heightened, no doubt, by the sudden relapse into darkness which followed
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each flash. There are the facts of the case (and I may add that it was towards the end of
the year) and the only suggestion I would throw out, to account for the unusual method
of luminous emanation, is that the close congregation of large numbers of insects, from the
small space afforded them by the bushes in question, may have given rise to the synchronous
emission of the flash by the force of imitation or sympathy.

Buck in 1938 cited more than 30 reports on synchronous fireflies [10] with obser-
vations carried out in different locations of the planet (e.g. Siam, Burma, Singa-
pore, Borneo, Malaya, Philippines, New Guinea, Jamaica, Mexico, United States,
and Brazil). In this historic article, he also pointed out some explanations for firefly
synchronization, including the insubstantial ones (the wind and other environmen-
tal influences, twitching eyelids [49], the effect of the sap of the trees, accident,
illusion, sense of rhythm or “sympathy”, and leader or pacemaker). None of these
explanations were adequate to resolve the phenomenon of synchronous flashing. It
is important to call attention to the fact that the statements mentioned above do not
consider any functionality in the achievement of firefly synchronization. From an
energetic point of view, the lack of functionality of synchronization could be re-
garded as an inefficient, useless and unjustified process. Evidently, a more detailed
study of firefly synchronization showed that this phenomenon is significant for the
survival of many of these species since, as it will be seen later, synchronization al-
lows the identification of particular species as well as an intersexual communication
language.

1.3.2 Synchronization for courtship and mating

During the first two decades of the twentieth century, several observations done
principally by Mc Dermott had shown that the light emission in some American
Lampyridae species, evinced the flashing (photogenic function) importance as a
mating adaptation [65]. However, there is not any mentioning to the synchronous
flashing already reported by numerous scientists as stated above. The discovery of
the synchronization functionality in fireflies is due to Buck in 1935 who established
that firefly synchronous flashing is related to the mating and it is persistent un-
til copulation is produced or when there are no more unfertilized females capable
of responding to synchronized males [9]. After that, the idea that synchronization
is associated with processes of conspecific recognition and mating evolved until
it was strongly accepted in the phenomenology of fireflies. A considerable num-
ber of studies and publications testified to the acceptance that the synchronization
phenomenon is closely related to courtship and mating in fireflies. Concerning the
topics discussed considering the aforementioned association, we highlight those re-
lated to mating protocols of synchronously flashing fireflies [14, 57], and to different
aspects of flash communication [18, 59]. The well established and cumulated knowl-
edge on firefly synchronization allowed a deeper qualitative understanding of this
phenomenon and the popularization of these facts in excellent books such as those
written by Lewis [51], and Ortler [71]. The formulation of mathematical models to
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explain firefly synchronization also played a significant role in improving the insight
of the phenomenon; details of the most well-known ones are presented in Sect. 1.4.

1.4 Models to explain the fireflies’ synchronous behavior

Several models intend to reproduce and explain the fireflies synchronous behavior.
The basis of each model has different motivations that can go from simple guidelines
of a game [90], via simple interaction rules [97] and mathematical considerations
[67, 99] to more sophisticated analysis, where phase response curves (PRC) and
Arnold’s tongues are useful tools for describing dynamical features and synchro-
nization.

1.4.1 A toy model

The so-called “solitary flash” game is a friendly and straightforward model leading
to an explanation of firefly synchronous flashing behavior. Originally, the game has
been proposed by Stewart and Strogatz [90] and its simple rules as they were raised:

1. The game board consists of a polygon of n sides, each of them containing r
boxes, i.e. N = n× r boxes on the board.

2. The first box plays the role of the flashing box, i.e. when a player (firefly) arrives
at this box, it flashes.

3. Each firefly starts the game in any box (initial condition) except the flash one.
4. Each firefly advances clockwise one position per time step.
5. When a firefly flashes, it remains in the flash box one-time step, while the other

fireflies go forward according to the place in the board in which they are. For
instance, if the firefly is on a box of the first side, it continues to advance one po-
sition; on the other hand, if the firefly is on a box of the second side, it advances
two spaces, and three if it is on a box of the third side and so on.

6. The goal of the game is that all fireflies flash synchronously in the shortest
possible time

The above-mentioned rules might allow or not the occurrence of synchronization.
The dynamics of the game strongly depends on the initial conditions and also in
rule 5 because it determines what happens to a firefly when it approaches, arrives or
passes through the flash box. We consider the following four variants of rule 5:

(a) When a firefly is in a box located on the far side of the polygon, it could happen
that it might overtake the flash box and consequently without flashing in its
cycle. This fact imposes a difficulty in attaining of synchronization.

(b) When a firefly restarts a new cycle, it is mandatory that it arrives at the flash box
and as a result, it flashes in each cycle. This rule facilitates the achievement of
synchronization.
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(c) When two or more fireflies are nearby the flash box, they wait until all of them
are effective in this box; at this moment, all the fireflies advance one position.
This modification respect to (b) makes it easier to attain synchronization.

(d) Finally, if we consider a similar situation than in (c) but with the modification
that when the fireflies are forced to be in the flash box, the other fireflies advance
according to rule 4 and not only one position as in the precedent case.

Some frames of the game evolution reflecting the rules (a)–(d), and some other
possibilities for the cardboard are shown in Fig. 1.1.

Fig. 1.1 (a) Frames of the game evolution for the rules (a)–(d) considering for all the four cases
the same initial conditions (n10,n20,n30) = (5,10,15). Some other possibilities for the cardboard:
(b) pentagon, and (c) hexagon.

Time series for all cases (a)–(d) are shown in Fig. 1.2, where we considered
three fireflies and a specified set of initial conditions (n10,n20,n30) = (5,10,15).
The basins of attraction for these cases are depicted in Fig. 1.2(e)–(h) where the
condition is related to the lasted time to achieve synchronization with collective si-
multaneous flashing. It is interesting to observe in Fig. 1.2(a) that the fireflies do not
reach the synchronization condition of simultaneous flashing of all the individuals
of the system. Nevertheless, considering the formal definition of synchronization,
the phase difference among the fireflies remains constant from the 228th turn; as a
consequence, exhibiting synchronization but fireflies 1 and 2 do not flash in every
cycle. On the contrary, Fig. 1.2(b)–(d) show that simultaneous flashing is achieved
respectively in 70, 50, and 29 turns (time steps). So that, in principle it indicates that
in successive order the rules that facilitate synchronization are respectively (d), (c),
(b), and (a). With a view to sustaining the recent affirmation, we compute statistical
parameters related to the synchronization time when all fireflies flash simultane-
ously, as well as the percentage of this situation in each basin of attraction for the
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Fig. 1.2 First row: (a)–(d) Time series for the evolution of three fireflies following the rules (a)–
(d) above mentioned. Second row: (e)–(h) Basins of attraction for the rules (a)–(d) considering
that the initial condition for the first firefly is the box 5. White boxes represent situations in which
simultaneous, collective, and persistent flashing (in every cycle) are not achieved.

indicated cardboard related to Fig. 1.2 (four sides and five effective boxes per side).
The results are shown through a box plot in Fig. 1.3 where its information supports
our assumption related to facilitated synchronization. This simple game with its four

Fig. 1.3 Box plot of the statis-
tical parameters (median and
quartiles) related to Fig. 1.2
for the synchronization time
associated with each of the
rules. The percentage of the
synchronous events are shown
in the upper part, above the
whisker. With all these in-
formation, it is possible to
estimate which rule leads
more often and quickly to
synchronization.
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basic rules (algorithms) allows to explain synchronization in some species of fire-
flies, and it has an intrinsic richness since these simple rules can be translated to a
more technical language belonging to synchronization theory. Thus, it is possible
to find a relation between the number of sides and boxes per side with the type of
coupling: in the case explained above, we have an excitatory coupling between the
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fireflies (players). In some cases, as it is described in Sect. 1.4.5, for Light-controlled
oscillators (LCOs) and for some species of fireflies, inhibitory coupling is also pos-
sible; this type of coupling might be incorporated in the game considering that for
some boxes on the game board, the player must go back certain number of boxes
according to its position. The high number of game choices (shape of the polygon,
number of squares for each side of the polygon, the number of players, basic rules of
the game, etc.) allow to extend the study of this model and analyze its isochronous
dynamics as in [53].

1.4.2 Multi-agent based models

Conceptually, a MAS reflects one of the complex systems basis, namely the coop-
erativity due to the interactions among the components of the system giving rise
to the accomplishment of a task or the emergence of a new property or function-
ality of the system. As stated in Sect. 1.1, several platforms are allowing to work
with MASs. To explain the potentialities of MASs, we focus on the platform Net-
Logo [97] whose library contains a nice firefly model. This model is mainly based
on the flashing behavior of some species: Pteroptyx cribellata, Luciola pupilla, and
Pteroptyx malaccae described in [12], it has been built with simple interaction rules
taking into account two main synchronization strategies (phase delay and phase ad-
vance) [96]. The agents of the model are fireflies having as a main feature that they
have their own period, and a cyclic behavior, i.e. each firefly has an initial period
and position as well as its position in the cycle; in most cases, the fireflies period are
initially considered as identical for the whole population. The interaction of fireflies
is done by means of the flashes that they can emit (influencing the rest of the indi-
viduals) or perceive (being affected in their dynamics). Synchronization might be
achieved according to the rules and the parameter values. SpikingLab is another in-
teresting application done in NetLogo and related in some way to fireflies; actually
to the integrate-and-fire oscillators, a popular model describing synchronization in
fireflies (explained in more detail in Sect. 1.4.4). This NetLogo project introduces
a Spiking Neural Network (SNN) phenomenological model mimicking the neural
dynamics regardless of the biophysical processes [46]. As a consequence, all the
neural features such as membrane and resting potential, spike threshold, inhibitory
and excitatory postsynaptic response, exponential decay rate and refractory and ab-
solute periods are embedded in two possible states: open and absolute refractory.
The model is used for simulating a virtual insect able to process three types of in-
formation: visual and sensations related to pleasure and pain.

One of the most important applications of firefly synchronization is that related to
communication networks and algorithms allowing a synchronous behavior on cer-
tain devices. In general, the above-mentioned applications use MAS concepts and
programming. For instance, another way to solve the firefly synchronization task
was carried out by Teuscher and Capcarrere, using two-dimensional (2-D) cellular
automata (CA) and random boolean networks [92], programming in such a way; the
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Fig. 1.4 (Color online)
Screenshots of NetLogo fire-
flies model interface using the
strategy of phase delay (first
column), and phase advance
(second column). The general
parameters are: number of
fireflies = 1000, flash length
= 2, flashes to reset = 2, and
cycle-length = 35. (a) and (b)
represent the arena showing
the initial situation with few
number of fireflies flashing
simultaneously; (c) and (d)
the final one where almost
all fireflies are flashing in
synchrony; and (e) and (f)
the time series showing the
number of fireflies vs. the
time steps. In both cases, the
program runs until synchro-
nization is fully established.
For the delay strategy, the syn-
chronization time is around
6200-time steps, and for the
advance one, it is around
31000-time steps.

(a)

(c)

(e)

(b)

(d)

(f)

performing computations are locally and based on co-evolution. They have also im-
plemented employing an FPGA-Evolware. In other words, software and hardware
implementation have been designed for solving the firefly synchronization task suc-
cessfully. Other works dealing with synchronization in a framework of MAS have
been mostly developed with PCOs. There are some other applications based on fire-
fly synchronization and MAS that are pointed out in Sect. 1.6.

1.4.3 Phase and relaxation oscillators

After a systematic study of the biological and chemical properties of flashing fire-
flies and their synchronous behavior, Winfree attempted to build a mathematical
model capable of describing synchronization in large populations of phase oscil-
lators and considering that each firefly is represented by an oscillator of this type
[99]. Let us start by understanding the features of these oscillators. A phase oscil-
lator might be considered as an oscillator whose periodic solution travels around
a circular limit cycle with angular velocity Ω(r∗). Winfree proposed a model of
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coupled phase oscillators characterized by a sensitivity and an influence function,
depending only on the phase. Mathematically, the Winfree’s model might be written
as:

θ̇i = ωi +

(
N

∑
j=1

X(θ j)

)
Z(θi) , i = 1, · · · ,N , (1.5)

where the phase and natural frequency of oscillator i are represented respectively
by θi and ωi. All the oscillators i are influenced by oscillator j through the phase
by X(θ j); as a result, oscillator i responds through the phase-dependent function
Z(θi) called the sensitivity. Using this model applied to a population of oscillators,
Winfree found that there is a sort of phase transition towards the synchronization.
Some other works dealing with Winfree’s model have been developed and in par-
ticular that of Ariaratnam and Strogatz [2] is very interesting because they obtain
the phase diagrams showing the different regions of the dynamical behavior of this
model: total and partial locking, total and partial oscillation death, and incoherence.

After the Winfree formulation, other phase oscillator based models were pro-
posed, one consisting of 25 sawtooth coupled oscillators with an experimental real-
ization. Each one of these oscillators consists of a neon tube N connected to a battery
E through a resistance R and shunted by a capacitance C as shown in Fig. 1.5(a).
The functioning of the oscillator is determined by the current-voltage characteristic
(Fig. 1.5(b). The oscillation is produced as follows: the condenser charges until it
reaches the voltage V0 and the oscillator fires generating a current I1 during the dis-
charge of C until Vd and then restarting the charging process; so that, giving rise to
oscillation.

Fig. 1.5 (a) Scheme for the
sawtooth oscillator, being the
neon tube N the heart of the
oscillator. (b) Current-voltage
characteristic of N.

R
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N
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0
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(a) (b)

Following the intuitive model of Winfree, Kuramoto developed a more formal
model carefully described in [48], where he used perturbation methods, weak cou-
pling K ≥ 0, almost identical oscillators, and the concept of mean field coupling to
obtain its famous equation:
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θ̇i = ωi +
K
N

N

∑
j=1

sin(θ j−θi) , i = 1, · · · ,N . (1.6)

The Kuramoto model with its purely sinusoidal coupling constitutes the simplest
possible case of equally weighted, all-to-all coupled oscillators. The model can also
be described in terms of the order parameters r and ψ , resulting:

reiψ =
1
N

N

∑
j=1

eθ j , (1.7)

where r(t) is a normalized function that is a measure of the oscillators population
coherence, and ψ is the average phase. Using Eq. (1.7), the original model states:

θ̇i = ωi +Kr sin(ψ−θi) , i = 1, · · · ,N , (1.8)

indicating that each oscillator is coupled to the common average phase with cou-
pling strength given by Kr [1]. Under the consideration of certain assumptions, it
is possible to find a critical value for the intensity of coupling Kc denoting a bifur-
cation point and also that for K > Kc, there is a dramatic increase in the coherence
of the oscillators population when the bifurcation is supercritical. There are several
reviews of the importance of Kuramoto model for synchronization and networks
[1, 83] and also some recent extensions including adaptive frequencies [72].

Another firefly-inspired model is due to Ermentrout [29] who proposed a mech-
anism that allows the fireflies to synchronize at a nearly zero phase difference. The
model has a PRC that it is the same as the determined for Pteroptyx malaccae, but
the behavior under a train of periodic stimuli is different due to the adaptive charac-
ter of the model. Firstly, he considered a single periodically forced oscillator stated
by:

θ̇ = ω +P(t/τ)∆(θ) mod (1) , (1.9)

where ω is the oscillator’s natural frequency, P(φ) is the periodic forcing stimu-
lus, and ∆(θ) is the oscillator PRC. All functions are one-periodic. Under certain
assumptions, it is possible to average Eq. (1.9) and obtain:

θ̇ = ω +H(t/τ−θ) , (1.10)

where H depends on the PRC as

H(φ) =
∫ 1

0
P(s)∆(s−φ)ds . (1.11)

The 1:1 phase-locked solutions of Eq. (1.9) are:

θn→ θ̃ , ∆(θ̃ +ωτ) = 1−ωτ . (1.12)

The latter can be solved considering that 1−ωτ does not exceed the maximum of
∆ or fall below the minimum of ∆ , giving:
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θ̃ = 1−ωτ +∆
−1(1−ωτ) . (1.13)

If ∆(0) = 0, then ωτ ≡ 1, means that the intrinsic frequency is the same than the
forcing one. This model for N coupled oscillators might be written as:

θ̇i = ωi +
N

∑
j=1

Hi j(θ j−θi) . (1.14)

The main result of the analysis of Eq. (1.14) states that there can be phase-locking
but with phase differences not necessarily close to zero.

Relaxation oscillators are one of the most suitable models to study systems sus-
ceptible to synchronize: neurons, cardiac cells, and fireflies. An important feature
of these oscillators is that within each cycle, there are two time scales: a slow one
where an integration process takes place, and a fast one where a firing process oc-
curs. Contrarily to the common phase oscillators, the relaxation oscillators wave-
form is very different from a sinusoidal wave; rather it looks like a sequence of
pulses. There is no universal model for relaxation oscillators, having each of one
their proper characteristics [73].

Numerous examples of relaxation oscillators may be found in literature, ranging
from electronic devices generating relaxation oscillations [74] to those applied to
biology, especially in neurons [45]. One of the most classical examples of a self-
oscillating system is the van de Pol equation described by the equation of motion

ẍ−µ(1− x2)ẋ+ x = 0 , (1.15)

where for large µ behaves as a relaxation oscillator (Fig. 1.6(a)). Eq. (1.15) may be
cast into a set of first-order differential equations:

ẋ = µ [y−F(x)] (1.16a)

ẏ = −
(

1
µ

)
x , (1.16b)

that allows us to observe the following: the x-nullcline given by the relation y = F(x),
has a cubic form and the y-nullcline, provided by the expression x = 0 is a verti-
cal line. Both nullclines, as well as the corresponding limit cycle, are illustrated in
Fig. 1.6(c). This system has one fixed point, located at the origin, where the two
nullclines cross one another. The motion along the limit cycle trajectory involves
two time scales, a fast horizontal movement, and a slow vertical motion. When y
is near the x-nullcline, both dx/dt and dy/dt vary gradually, and the movement is
slow. When the trajectory departs from the cubic nullcline dy/dt is large, and the
horizontal movement is fast. Another well-known relaxation oscillator is the IFO
that deserves our attention in Sect. 1.4.4 because it is one of the most used models
to describe synchronization in fireflies.
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Fig. 1.6 van der Pol oscillator
acting as a relaxation one
when µ=10. Time series for
the variable (a) x that shows
a relaxation regime, and (b) y
that shows a rotator regime.
(c) Limit cycle trajectory and
the accompanying fast and
slow time scales.
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1.4.4 Integrate and fire oscillators

These oscillators were extensively used to model a great variety of phenomena such
as synchronization in fireflies [67] and several aspects of neuronal systems [30]
among others. IFO models were also used to describe firing patterns [35] and critical
phenomena [22] such as avalanches.

IFOs are principally used to describe collective behavior. To model self-synchronization
of the cardiac pacemaker, Peskin considered a network of N IFOs, each character-
ized by a voltage-like state variable Vi, whose dynamics is:

dVi

dt
= I−ηVi, 0≤Vi ≤ 1, i = 1, . . . ,N. (1.17)

When the oscillator i reaches the threshold (Vi = 1), the oscillator “fires” and Vi
is reset instantaneously to zero (Fig. 1.7(a)). The oscillators interact by a simple
form of pulse coupling: when a given oscillator fires, all the other variables Vj, j 6= i
are increased by an amount β/N (the quotient by N is introduced in order to get
reasonable behavior in the thermodynamic limit N→ ∞). That is,

If Vi(t) = 1 =⇒ Vj(t+) = min(1,Vj(t)+β/N), ∀ j 6= i . (1.18)

Moreover, the oscillator at the state V = 0 (i.e., just after firing) cannot be affected
by the others, so that the state V = 0 is absorbing. The latter ensures the possibility
of perfect synchronization. To illustrate how this model works, we have numerically
solved (1.18) for two mutually coupled IFOs and 500 globally coupled oscillators
(see Fig. 1.7(b)), where we observe that at the beginning, each oscillator has its own
natural frequency and as time goes by, groups of synchronous oscillators are formed,
and finally, the entire population is synchronized, i.e. all the IFOs emitting their
pulses simultaneously. Here, we have considered several phase oscillator models all
of them related to the explanation of firefly synchronization in its simplest form. All
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Fig. 1.7 (a) Synchronization
mechanism in two coupled
IFOs. (b) Points correspond
to firing times to represent the
dynamics of a population of
500 coupled IFOs showing
the tendency towards com-
plete synchronization. The
parameter values used in both
cases are I = 2.5, η = 1 and
β = 0.25.
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these models could be applied to other oscillatory systems, but their original goal
was to understand how and why fireflies synchronize.

1.4.5 Light-controlled oscillators: Electronic fireflies

As it has been stated above, most of the analytical models of fireflies synchroniza-
tion were based on mathematical equations driven the system of coupled oscillators
to synchronize. Nevertheless, some experimental devices allow the study of syn-
chronization by carrying out careful experiments. One of these devices is the LCO
that also receives the appellation of electronic firefly. From a technical viewpoint,
each LCO consists of an LM555 chip wired to function in its astable oscillating
mode (Fig. 1.8(a)). The alternations of it are determined by a dual RC circuit in par-
allel with four photo-sensors that allow the LCO to interact with others by means
of light pulses (Fig. 1.8(b)). Basically, an LCO is a relaxation oscillator in the sense
that it has two time scales characterized by the binary variable ε(t): within each cy-
cle there are intervals of slow (charging stage, ε(t) = 1) and fast (discharging stage,
ε(t) = 0) motion. The period is determined by the two external RC circuits and the
output waveform takes the form of a pulse signal with minimum and maximum val-
ues set at VM

3 and 2VM
3 respectively, VM being the value of the supply voltage. These

threshold voltages determine the value of ε(t). If we consider a system composed
of N LCOs, the equation we use to model the voltage evolution for the ith LCO is:

dVi(t)
dt

= λi(VMi−Vi(t))εi(t)︸ ︷︷ ︸
charging term

−γiVi(t)[1− εi(t)]︸ ︷︷ ︸
discharging term

+
N

∑
j=1

βi jδi j[1− ε j(t)]︸ ︷︷ ︸
coupling term

, (1.19)

where
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(a) (b)
Fig. 1.8 (a) Block diagram of an LCO with the LM555 in its astable functioning mode. (b) Sim-
plified diagram of the LCO and schematic view of the coupling between LCOs.

δi j =

{
1 , if i 6= j and they may interact
0 , otherwise

indicates whether or not LCOs i and j interact. Note that the interaction term is
active only when at least one of the other LCOs is discharging. In this model, we
consider symmetric coupling, such that βi j = β ji. Another important experimen-
tal fact is the coupling distance-dependent, i.e. the coupling strength β is almost
quadratically inverse with the distance, being the measured dependence: βi j ∝

1
rα
i j

,

being the power α=2.11.
Several experiments have been carried out with LCOs such as measurements of

phase-locking and phase differences in various sets of locally coupled LCOs [76],
transients [85] and determination of synchronous regions [84, 86]; in all of them, the
model described by Eq. (1.19) has been validated. On the other hand, locally and
globally coupled LCOs were studied comparing their dynamical features, finding
astonishing changes in their dynamics, despite very small differences between the
oscillators [80]. Studies dealing with the influence of noise on LCOs have also been
done using uniform [77] and Gaussian [79] distributions, resulting in some impres-
sive results. Such as those showing that white noise can enhance synchronization
on a set of two LCOs under the condition that the noise acting on each of one has
different variances, i.e. various noise intensities acting on each LCO.

From a biological point of view, the use of LCOs as a fireflies model, allows to
describe realistic situations in which, there is a population of 10 fireflies distributed
randomly both spatially and in what concerns their initial condition Vi0 and consider-
ing a distance-dependent coupling (Fig. 1.9(a) for identical, and (b) for nonidentical
fireflies). It is possible to describe synchronization employing polar plots where the
radial and angular coordinate are related to period and to phase difference measured
with respect to a reference firefly (in this case, firefly 2). The frames corresponding
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to Fig. 1.9(a1)–(a4), and (b1)–(b4) display the dynamical situations after 2, 250,
500, and 1000 flashing events respectively. Thus, for identical fireflies and after 250
flashing events, there are two synchronous clusters, one constituted by fireflies 7, 9,
and 10, and the other by the rest of fireflies; these two clusters are maintained over
time until 1000 flashing events. According to the fireflies positions into the arena,
it does not surprise the emergence of the cluster formed by fireflies 7, 9, and 10,
although it could also be expected that firefly 3 be part of it; but undoubtedly, the
initial conditions made it possible to arrive at the situation shown in Fig. 1.9(a4).
On the other hand, for the configuration of nonidentical fireflies of Fig. 1.9(b), it
is observed that after 250 firing events, there are four groups of fireflies with the
following distribution: (i) 1 and 8, (ii) 5 and 9, (iii) 10 and (iv) 2, 3, 4, 6 and 7
(Fig. 1.9(b2)). Synchronous cluster formation is interesting because it reflects in
some way the position of the fireflies in the arena. As time lasts, groups (i) and
(ii) are “absorbed” by (iv) (Fig. 1.9(b3)), situation that persists up to 1000 firing
events (Fig. 1.9(b4)). Even tough, Firefly 10 has a very similar period to that of the
large synchronous bunch, its phase difference is different. Again, the position of the
fireflies seems to play an important role in the emergence of the synchronization.

Throughout this Sect., we have considered all the models are attempting to ex-
plain synchronization in fireflies as a self-organization process but without specific
details on the features of each firefly species (except for the Ermentrout model). In
general, most of the models consider only the oscillators ability to synchronize and
that all of them have similar features (associated with the oscillators identity, e.g.
males). Nevertheless, if we desire to understand the firefly courtship as a whole, it
is necessary to take into account not only the emergence of males’ synchronization
but also the females’ response, considering that the oscillators associated to each of
the sexes are dissimilar to the other sex. Precisely in the next Sect. we address this
problem.

1.5 Response to synchronization

Already in the beginnings of the century, the courting behavior of Photinus pyralis
has been described and even some simple experiments to reinforce the males’ be-
havior have been carried out. After that, the female response was observed and
described in detail for Photinus fireflies [56], introducing the mechanism “flash-
answer” that is part of a sexual function of bioluminescence and allows the conspe-
cific identification, avoiding the interspecific one. Some exceptions must be pointed
out that are related to the aggressive mimicry where females of the genus Photuris
attract and devour males of the genus Photinus by mimicking the flash responses
of Photinus females [55, 58]. The observation on Photinus flash-patterns describing
their importance in fireflies communication, as well as their importance in courtship,
deserved the attention and numerous publications came to light allowing a better un-
derstanding of the mating process as a whole [17, 19, 52, 59, 89].



1 Fireflies: a Paradigm in Synchronization 19

Fig. 1.9 Ensembles of 10 (a) identical and (b) nonidentical globally coupled fireflies with a
distance-dependent coupling and randomly distributed in an arena consisting of 50×50 cells. Polar
representation where the radial and angular coordinates are respectively related to the fireflies’ pe-
riod and phase difference. (a1)–(a4) Identical and (b1)–(b4) nonidentical LCOs. Frames showing
the dynamical polar distribution after (a1) and (b1) 2, (a2) and (b2) 250, (a3) and (b3) 500, and
(a4) and (b4) 1000 flashing events.

In 2010, Moiseff and Copeland reported a surprising finding issued from exper-
iments carried out with virtual males and a real Photinus carolinus female; they
showed that males’ synchronization is associated with the female’s response [68].
The latter improved the knowledge concerning the synchronous behavior of fireflies,
enhancing the fact that both males and females participate actively in the courtship.
In other words, when referring to fireflies courtship, we must consider the females’
response to males’ synchronization. A first attempt to explain the response to syn-
chronization [75] has been made using a modified LCOs model, in which, males
and females exhibit dissimilar features when they are interacting. The model de-
scribed in [75] not only reproduces the experimental results shown in [68], but it is
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also capable of predicting more complex and realistic situations; in particular, the
behavior of other species of the genus Photinus. As stated in [52], there are species
differences in the courtship flash signals of Photinus fireflies; this special feature
permits even to identify Photinus species just by recognizing their courtship flash-
ing patterns. Some examples for these flashing patterns in the case of males are [52]:
two flashes per phrase for Photinus consanguineus and Photinus greeni, six flashes
per phrase for Photinus carolinus (the species considered in [68, 75], eight flashes
per phrase for Photinus consimilis.

In order to model the response to synchronization, it is considered the dissim-
ilarity in their oscillatory features between males and females. In Fig. 1.10 is ex-
plained the terminology used in the description of a male and a female. The first
type (Fig. 1.10(a) fires a burst of n f spikes (flashes) during the active phase, fol-
lowed by a quiescent or silent time Ts, a parameter that remains constant even when
the oscillators are coupled. The female has one flash in its fast discharging process
Td which is preceded by a long-lasting charging process Tc and followed by a silent
time Ts (Fig. 1.10(b). We define the interburst period or the duration of a phrase
Tp as the complete cycle comprising the active phase and the silent time. Conse-
quently, the active phase takes n f (Tc +Td) = T p−T s. Males and females are indi-
vidually considered as relaxation oscillators because they have two different time
scales, i.e., within each cycle, there is a slow process followed by a firing process.
Each process ends at its own threshold, being the lower and the upper thresholds
at V lower =VM/3=3 and V upper = 2VM/3 =6 respectively. We take these threshold
values in connection with the experimental aspects related to the LCO, namely, the
oscillator serving as the basis of the model stated in Eq. (1.20). Note that we take
VM=9 which is the considered value from an experimental point of view and related
to the value of a voltage source. It is also important to note that in Fig. 1.10(a), the
parameter values and n f = 6 which corresponds in biological terms to the Photinus
carolinus flashing pattern. It is clear that the model could be adapted to other species
just in changing the relevant parameters.

The equations describing the dynamical variable Vi of each oscillator i are given
by:

dVi(t)
dt

=
ln2
Tci

(VMi−Vi(t))εi(t)−
ln2
Tdi

Vi(t)(1− εi(t)) , (1.20a)

Vi(t) =
(

Vi(t)−V lower
i

)
εi(t)+V lower

i . (1.20b)

As stated above, VM is a constant that determines the lower and upper thresholds
and εi(t) is a binary variable describing the state of the ith oscillator by:

εi(t) = 1 : extinguished oscillator (charging and silent stage)
εi(t) = 0 : fired oscillator (discharging stage).

The transition between the states determined by ε is described by the following
relation:
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Fig. 1.10 Signals of the dynamic V and the binary ε variables for the two types of relaxation os-
cillators used in this work. They are characterized by the quiescent period Ts, the active phase with
n f spikes per burst, the interburst period or silent time Ts, the charging and the discharging times
Tc and Td respectively, the intraburst or interspike period Tc +Td , the interburst period or duration
of a phrase Tp, and the phase delay ∆φ that plays the role of initial condition. (a) Male oscilla-
tor that in this case has the following parameter values: Tp=10.000 s, n f =6 (Photinus carolinus),
Tc=0.500 s, Td=0.200 s, Ts=5.800 s and ∆φ=0.603 rad ≡ 0.960 s. (b) Female oscillator having in
this particular case the parameter values: Tp=10.000 s, n f =1, Tc=6.000 s, Td=0.100 s, Ts=3.900 s
and ∆φ=1.750 rad ≡ 2.785 s.

If Vi(t) = V lower
i and εi(t) = 0 then εi(t+) = 1; (1.21a)

If Vi(t) = V upper
i and εi(t) = 1 then εi(t+) = 0; (1.21b)

If Vi(t) = V lower
i and εi(t) = 1 then εi(t+) = 1, (1.21c)

where t+ in the condition given by Eq. (1.21c) is defined in the interval

t = [t+ (k−1)(Tp +n f (Tc +Td))+∆φ ]

for every k interburst period or phrase, i.e., for every complete cycle comprising the
active phase and the silent time.

The main feature of the considered oscillators dwells on its firing process which
allows a pulsatile coupling with other oscillators that can receive these pulses or
spikes leading to a modification in their oscillatory dynamics. The dynamical equa-
tions describing a generic group of N coupled oscillators are:

dVi(t)
dt

=
ln2
Tc0i

(VMi−Vi(t))εi(t)−
ln2
Td0i

Vi(t)(1− εi(t))+θi

N

∑
i, j=1

βi j(1− ε j(t)),

(1.22)
where i, j = 1, . . . ,N. Conditions that are given by Eq. (1.20b) and Eqs. (1.21), which
take into account the existence of a silent time, must also be followed by Eq. (1.22).
The quantities Tc0i and Td0i are, respectively, the lasting time of the charge and the
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discharge when there is no action on the oscillator i by other oscillators. Further-
more, we consider that oscillators are mutually coupled with a coupling strength
βi j that represents the pulsatile action of the oscillator j spike during its discharge
upon the oscillator i. Concurrently, βi j are the elements of the weighted adjacency
matrix of the set. A simple inspection of Eq. (1.22) shows that both charging and
discharging stages might be modified by the effect of the coupling with other oscil-
lator(s). The charging and the discharging times might be shortened or lengthened
respectively when the pulsatile action due to the firing of other oscillator(s) takes
place. The latter is determined by the value of θ that takes the values:

θ =

{
1 , Males
−1 , Females

This factor is significant because it determines the behavior of the oscillators when
stimuli are applied to them.

Several studies have been carried out in [75] considering Photinus carolinus flash
patterns. Here, we show in Fig. 1.11 the interaction between a set of eight males and
four females that according to their flash patterns correspond to Photinus consan-
guineus. Fig. 1.11(a) shows how the males’ flashes evolve until all the population
is completely synchronized and how females trigger their responses, firstly sporadi-
cally and then permanently as shown in Fig. 1.11(b). This phenomenon that appears

Fig. 1.11 (Color online) Evolution of the flashes in a population of 12 slightly different males
and four slightly different females considering similar parameters and features as in Fig. 1.10. (a)
Sequence from 100 s to 200 s in which, the males are not synchronized until around 180 s, and
consequently, the females do not respond, or they do it sporadically as it appears for around 170 s.
(b) Sequence from 300 s to 400 s in which, the males are completely synchronized, resulting in
permanent and simultaneous females’ responses.

in Photinus fireflies might be extended to other types of oscillators under the con-
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dition that they are dissimilar as stated in [78] where the mechanisms of response
to synchronization were unraveled. The response to synchronization phenomenon is
illustrated in Fig. 1.12, where in (a) it is shown a set of males that can synchronize
and, in (b) a set of females that their interactions do not lead to synchronization.
Finally, when both populations are mingled as in Fig. 1.12(c), the males still syn-
chronize, and as a result of this, females respond following different patterns being
the most interesting the simultaneous and permanent responses, as they have ac-
quired the property to synchronize. When extending the results to other types of
oscillators and considering the role of network topologies, it is possible to deeply
study the collective behavior of these interacting dissimilar oscillators both from a
theoretical and experimental point of view, especially when the sets are composed
of a considerable number of oscillators. The latter could contribute to a better un-
derstanding of systems that exhibit the phenomenon of response to synchronization,
viz. fireflies, neurons, and possibly other animals and other types of cells.

Fig. 1.12 Illustration of the
response to synchronization
event in Photinus fireflies. (a)
A set of interacting males that
can easily synchronize. (b) A
set of interacting females that
cannot synchronize. (c) Min-
gled set of males and females,
where the males still synchro-
nize and as a consequence,
females respond exhibiting
different response patterns
according to the parameter
values and initial conditions
being one of the possible re-
sponses, the simultaneous and
permanent females flashing
in each cycle as shown in
Fig. 1.11(b).

1.6 What have we learnt from fireflies?

Sometimes talking about fireflies seems to be very romantic and without any rela-
tionship to science and living well. Thus, it is not surprising to find some opinions
published in newspapers such as that cited by Strogatz [91] and Bojic et al. [6]: On
May 18, 1993, an article entitled “Govt. Blows Your Tax $$ to Study Fireflies in
Borneo-Not a Bright Idea! published in the tabloid National Enquirer recorded the
opinion of the Representative Tom Petri who said:

Spending taxpayers money studying fireflies doesn’t sound like a very bright idea to me.
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Certainly, is not a fortunate opinion and denotes a plain ignorance concerning how
much the basic research can offer. As we have already mentioned, the knowledge
acquired from fireflies is enormous and only referring to the most recent ones, we
can mention the use of the firefly synchronization in the wireless network’s world.
Under the inspiration of the fireflies synchronous behavior, it is possible to argue
that in communication processes, it is better to consider cooperation concepts rather
than think in a system driven by a master. Hence, if all nodes cooperate, synchrony
can be reached within few periods. Once nodes have agreed on a common time
scale, they are then able to communicate in a synchronous manner using a slotted
medium access protocol, benefiting from fewer collisions and higher throughput.
When working with Wireless Sensor Networks (WSN), firefly synchronization is
also exploited, and algorithms based on this concept are tested with the aim of giv-
ing greater robustness to the WSN. Other concepts such as the Meshed Emergent
Firefly Synchronization (MEMFIS) that mitigates the acquisition phase by integrat-
ing synchronization into the communication phase have also been developed to en-
hance the robustness of the network [95]. Nowadays, the formulation of universal
algorithms for WSNs is one of the main tasks. Other networks such as the cog-
nitive radio ad hoc networks (CRAHNs) can also use a synchronization protocol
based on fireflies and as a result, the convergence time to synchronization is shorter
than convergence time using other protocols [54]. The use of fireflies as role mod-
els seems to have the best characteristics for synchronization mechanism related to
Machine-to-Machine (M2M) systems (in general composed of networked compu-
tational devices) [6]. From the recent review of applications in networks, it is clear
that firefly synchronization concept plays an important role and further development
is also based on this fact.

Mobile networks or devices have also found significant developments with ideas
issued from firefly synchronization. Thus, applications to the optimization of mobile
networks have also been developed using firefly-synchronized agents [7]. On the
other hand, the so-called firefly algorithm [100] is a swarm intelligence (collective
behavior and decentralized systems) is a kind of stochastic, nature-inspired, meta-
heuristic algorithm that can be applied to solving the hardest optimization prob-
lems. It solves problems of continuous optimization, combinatorial optimization,
constraint optimization, multi-objective optimization, as well as dynamic and noisy
environments, and even classification. It is widely applied in engineering problems
[33]. Algorithms based on firefly synchronization have also been used for swarms of
robots as a first approach for understanding real task-execution scenarios [21]. In the
same line, possible interactions between real and electronic fireflies (mixed popula-
tions) were proposed and even with the possibility of considering males and females
differently (mingled populations) that could help to a deeper understanding of the
underlying behavior of fireflies and also find potential applications based on the re-
sponse to synchronization. A picturesque view of this kind of mixed and mingled
sets of electronic and real fireflies is shown in Fig. 1.13. Finally, we could mention
some new impact applications such as those leading to improve the efficiency of
LEDs [4], or those to conduct a new method of medical diagnostics based on the
way in which fireflies produce cold light [87]. In summary, fireflies not only delight
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Fig. 1.13 (Color online)
A picturesque view of the
interaction between LCOs
(electronic fireflies) and real
fireflies. Electronic fireflies
would be designed either
to simulate the behavior of
males or females, and real
males and females would be
part of the system as well.
(Use of fireflies images with
permission of Terry Priest.

us with their beautiful, hypnotic flashes but also they allow us to better understand
nature in their many facets from basic phenomena such as self-organization to all
the applications in a wide variety of fields. The emergence of functional synchro-
nization due to the collective behavior without any leader, the response to synchro-
nization, the biochemical mechanism of luminescence, are only a few of the issues
that fireflies “illuminated” us.
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