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Abstract. We study how the phenomenon of response to synchroniza-16

tion arises in sets of pulse-coupled dissimilar oscillators. One of the sets17

is constituted by oscillators that can easily synchronize. Conversely, the18

oscillators of the other set do not synchronize. When the elements of19

the first set are not synchronized, they induce oscillation death in the20

constituents of the second set. By contrast, when synchronization is21

achieved in oscillators of the first set, those of the second set recover22

their oscillatory behavior and thus, responding to synchronization. Ad-23

ditionally, we found another interesting phenomenon in this type of24

systems, namely, a new control of simultaneous firings in a population25

of similar oscillators attained by means of the action of a dissimilar26

oscillator.27

1 Introduction28

Synchronization is one of the most widespread phenomena in nature and in man-made29

systems. It has been studied from a formal viewpoint in systems that are mainly re-30

lated to vibrational mechanics [1], where this phenomenon is manifested when the31

oscillating or rotational systems start moving with the same multiple or commensu-32

rable frequencies in the presence of even very weak interactions [2]. In other words,33

synchronization is defined as the adjustment of rhythms of two or more oscillators34

due to their weak interaction [3]. The observation of certain features in synchro-35

nous systems has motivated the search of a unifying framework for synchronization36

and the specification of a diversity of phenomena such as generalized and identical37

synchronization, phase synchronization, and lag synchronization [4]. Several works38
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dealing with synchronization have been conducted in physics [5,6], chemistry [7],39

biology [8], and applications were developed in communication systems and control [9],40

in networks [10] particularly those concerned to power grids [11], neural [12,13] and41

social [14] ones. The scope of synchronization also reaches unusual topics such as42

musicology [15]. General concepts and applications might be found in the vast ex-43

isting literature on synchronization [3,16–20], where the Kuramoto [21,22] and the44

integrate-and-fire [23–25] oscillators constitute paradigmatic models describing this45

kind of phenomena. Alongside the concept of synchronization, it is very important46

to take into account multistability [26], a feature causing different patterns of syn-47

chronization and/or differing transient (synchronization time). Another interesting48

phenomenon occurring in coupled oscillators is the emergence of amplitude and oscil-49

lation death [27] that may be manifested totally or partially [28], produced by means50

of time-delay [29] or by strong coupling [30]. The mechanisms of oscillation quench-51

ing is explained widely in [31], and different transitions from amplitude to oscillation52

death in [32].53

Synchronization of the flashing behavior of certain firefly species aroused the cu-54

riosity of biologists [33–36], and also the interest of mathematicians and physicists55

that attempted to model this behavior [37–39]. Since the work of Buck and Case [40]56

it is well-known the possibility to influence on the rhythmic behavior of fireflies. Ad-57

ditionally, an astonishing finding issued from experiments carried out with virtual58

males and a real American species Photinus carolinus female, has shown that males’59

synchronization is associated with the female’s response [41]. The latter improved60

the knowledge concerning the synchronous behavior of fireflies, enhancing the fact61

that both males and females participate actively in the courtship. In other words,62

when referring to fireflies courtship, we must consider the females’ response to males’63

synchronization. A first attempt to explain response to synchronization [42] has been64

made using light-controlled oscillators (LCOs) [39] with dissimilar features as proto-65

type to model male and female behavior separately and/or when they are interacting.66

The model described in [42] not only reproduces the experimental results shown in [41]67

but it is also capable to predict more complex and realistic situations.68

In general, the observation of natural phenomena leads to find an explanation of69

those by formulating models. Furthermore, on some occasions, these phenomena are70

the source of inspiration in the implementation of new technologies [43] or specific71

applications [44], generating the possibility to extend and generalize the concepts to72

other situations. Precisely, in this work we try to extend the response to synchro-73

nization observed in fireflies to any system of dissimilar pulse-coupled oscillators by74

means of a physical explanation of how the response to synchronization takes place.75

The four main concepts used in this research are synchronization, oscillation death,76

multistability, and dissimilar pulse-coupled oscillators, which are developed through-77

out the paper. In Sect. 2, we introduce the equations of dissimilar oscillators and basic78

intrinsic aspects thereof are explained. The mechanisms yielding the response to syn-79

chronization are detailed in Sect. 3. We discuss in Sect. 4 the main aspects related to80

how a group of synchronous oscillators can give rise to a response of another group of81

oscillators and we sum up the most important features found in the studied systems.82

Finally, in Sect. 5, we summarize the results giving conclusions and perspectives.83

2 Model and main features of the oscillators84

Rhythmic behavior of fireflies is one of the most invoked phenomena when talking85

about natural systems with the ability to synchronize. The synchronous behavior of86

male fireflies of some species found its functional interpretation [45] in the courtship87

display exhibited by these insects [46]. As stated in Sect. 1, we base our work on a88
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phenomenon observed in Photinus carolinus, a firefly species exhibiting the response89

to synchronization. The females’ response is an act that follows the courtship display90

performed by the males. In this paper, we consider the same behavior manifested by91

fireflies, i.e., response to synchronization but focusing only on the dynamical aspects92

of the oscillators, regardless of the biological ones.93

2.1 Individual oscillators94

Signals of two types of oscillators are represented in Fig. 1 and also the terminology95

used in the description of bursting oscillators [47]. The first type (Fig. 1a) fires a96

burst of nf spikes during the active phase, followed by a quiescent or silent time Ts,97

a parameter that remains constant even when the oscillators are coupled. The other98

type has just one spike in its fast firing (discharging) process Td which is preceded99

by a long lasting charging process Tc and followed by a silent time Ts (Fig. 1b). We100

define the interburst period or the duration of a phrase Tp as the complete cycle101

comprising the active phase and the silent time. Consequently, the active phase takes102

nf (Tc + Td) = Tp− Ts. Both types of oscillators are individually considered as re-103

laxation oscillators due to their intrinsic characteristics of having two different time104

scales, i.e., within each cycle there is an integrating (slow) process followed by a firing105

(fast) process. Each process ends at its own threshold, being the lower and the upper106

thresholds at V lower = VM/3=3 and V
upper = 2VM/3=6 respectively. We take these107

threshold values in connection with the experimental aspects related to the LCO,108

namely, the oscillator serving as the basis of the model stated in Eq. (1). Note that109

we take VM=9 which is the considered value from an experimental point of view and110

related to the value of a voltage source.111

The equations describing the dynamical variable Vi of each oscillator i are given by:112

113

dVi(t)

dt
=
ln 2

Tci
(VMi − Vi(t)) εi(t)− ln 2

Tdi
Vi(t) (1− εi(t)) , (1a)

Vi(t) =
(
Vi(t)− V loweri

)
εi(t) + V

lower
i . (1b)

114

As stated above, VM is a constant that determines the lower and upper thresholds115

and εi(t) is a binary variable describing the state of the ith oscillator by:116

εi(t) = 1 : extinguished oscillator (charging and silent stage)

εi(t) = 0 : fired oscillator (discharging stage).

The transition between the states determined by ε is described by the following117

relation:118

119

If Vi(t) = V
lower
i and εi(t) = 0 then εi(t+) = 1; (2a)

If Vi(t) = V
upper
i and εi(t) = 1 then εi(t+) = 0; (2b)

If Vi(t) = V
lower
i and εi(t) = 1 then εi(t+) = 1, (2c)

120

where t+ in the condition given by Eq. (2c) is defined in the interval121

t = [t+(k − 1)(Tp + nf (Tc + Td)) + ∆φ]
for every k interburst period or phrase, i.e., for every complete cycle comprising the122

active phase and the silent time.123
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Fig. 1. Signals of the dynamic V and the binary ε variables for the two types of relax-
ation oscillators used in this work. They are characterized by the quiescent period Ts,
the active phase with nf spikes per burst, the interburst period or silent time Ts, the
charging and the discharging times Tc and Td respectively, the intraburst or interspike pe-
riod Tc + Td, the interburst period or duration of a phrase Tp, and the phase delay ∆φ
that plays the role of initial condition. (a) Bursting oscillator (BO) that in this case has
the following parameter values: Ts=10.000 s, nf =6, Tc=0.500 s, Td=0.200 s, Ts=5.800 s
and ∆φ=0.603 rad ≡ 0.960 s. (b) Nonbursting oscillator (NBO) having in this particular
case the parameter values: Ts=10.000 s, nf =1, Tc=6.000 s, Td=0.100 s, Ts=3.900 s and
∆φ=1.750 rad ≡ 2.785 s.

2.2 Coupled oscillators124

The main feature of the considered oscillators dwells on its firing process which allows125

a pulsatile coupling with other oscillators that can receive these pulses or spikes126

leading to a modification in their oscillatory dynamics. The dynamical equations127

describing a generic group of N coupled oscillators are:128

129

dVi(t)

dt
=
ln 2

Tc0i
(VMi − Vi(t)) εi(t)− ln 2

Td0i
Vi(t) (1− εi(t)) + θi

N∑
i,j=1

βij(1− εj(t)), (3)

where i, j=1, . . . , N . Conditions given by Eq. (1b) and Eqs. (2), which take into130

account the existence of a silent time, must also be followed by Eq. (3). The quantities131

Tc0i and Td0i are, respectively, the lasting time for the charge and the discharge when132

there is no action on the oscillator i by other oscillators. Furthermore, we consider133

that oscillators are mutually coupled with a coupling strength βij that represents the134

pulsatile action of the oscillator j spike during its discharge upon the oscillator i.135

Concurrently, βij are the elements of the weighted adjacency matrix of the set. A136

simple inspection of Eq. (3) shows that both charging and discharging stages might137

be modified by the effect of the coupling with other oscillator(s). The charging and the138

discharging times might be shortened or lengthened respectively when the pulsatile139

action due to the firing of other oscillator(s) takes place. The latter is determined by140

the value of θ that takes the values:141

θ =

{
1 , Bursting oscillator (BO)

−1 , Nonbursting oscillator (NBO)
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Fig. 2. Effect of an external stimulus (coupling) on signals of the dynamic variable V
comprising an intraburst period Tc + Td for the two types of oscillators: BO (a)–(d) and
NBO (e)–(h). The external stimulus is represented by the pulse in the upper part of the
figures. The parameter values are Tc0=0.500 s and Td0=0.200 s for BO; and Tc0=6.000 s
and Td0=0.030 s for NBO. (a) and (e) Natural (without any influence) signal. (b) and
(f) stimuli β=20.0 and β=5.0 acting on the charging stage during 0.030 s and 0.100 s
respectively. (c) and (g) stimuli β=10.0 acting on the discharging stage during 0.030 s and
0.100 s respectively. (d) and (h) stimuli β=10.0 acting on both charging–discharging and
discharging–silent stages during 0.100 s and 0.200 s respectively. In (g) and (h) are included
the insets showing with more detail the action of the stimulus and the effect on the signal.

Table 1. Effects of a stimulus acting on the different stages of the dynamic variable V , and
the resulting coupling.

Type of oscillator Stimulus acting on Effect on V Resulting coupling Figure
Bursting charging stage shortening excitatory Fig. 2b

discharging stage lengthening inhibitory Fig. 2c
both: charging and shortening and excitatory and Fig. 2d
discharging stages lengthening inhibitory

Nonbursting charging stage lengthening inhibitory Fig. 2f
discharging stage shortening excitatory Fig. 2g
both: discharging shortening excitatory Fig. 2h
and silent stages and none and none

This factor is very important because it determines the behavior of the oscillators142

when stimuli are applied to them. Using Eq. (3), we can note the effect of the stimulus143

depending on which stage it acts as shown in Fig. 2.144

Table 1 summarizes the effects on the dynamic variable V of each type of oscillator145

when it receives a stimulus. The effect depends on the stage of the oscillator in which146

the stimulus is acting.147

3 Method and results148

This section is devoted to the explanation of all the issues leading eventually to re-149

sponse to synchronization. We start by analyzing the possible coupling configurations150

which will give us a clearer picture of how the oscillators behave when they are cou-151

pled. For each configuration, we have several possibilities such as the case of identical152
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Fig. 3. Dynamic variables V1 for the master BO and V2 for the slave BO. The BOs are iden-
tical with parameter values: Tc0=0.500 s, Td0=0.200 s and initial condition ∆φ=0.000 s;
with coupling values: (a) β=0.5, (b) β=10.0 and (c) β=20.0.

Table 2. Modifications on the charging and discharging time of a slave BO compared with
the “natural” ones Tc0=0.500 s and Td0=0.200 s. Case of identical oscillators.

Coupling strength β Charging % change on Tc Discharging % change on Td
time Tc [s] (%∆Tc) time Td [s] (%∆Td)

0.5 0.495 −1.0 0.205 2.5
10.0 0.412 −17.6 0.288 44.0
20.0 0.343 −31.4 0.357 78.5

and nonidentical oscillators, the variation of the initial conditions and the coupling153

strength.154

3.1 Master (BO)–slave (BO) configuration155

Firstly, we consider three examples of identical oscillators represented in Fig. 3. From156

Fig. 3, we observe a phase delay of the slave BO, due to the fact that its charging157

time is shortened but the discharging time is lengthened in a greater proportion with158

respect to the “natural” values Tc=0.500 s and Td=0.200 s as summarized in Table 2.159

We observe that the intraburst period (Tc+Td) remains constant, whereas for strong160

coupling, the discharging time becomes greater than charging time (Td > Tc) which161

modifies strongly the shape of the signal as shown in Fig. 3c. The results above were162

obtained by using the same initial conditions. A phase delay of the slave BO is still163

present when the initial conditions are different.164

For nonidentical oscillators, we also consider three examples represented in Fig. 4,165

where we note that there is also a phase delay of the slave BO. As in the case of166

identical oscillators, synchronization is easily achieved and manifested by the equality167

of the slave’s intraburst period with respect to that of the master as set out in Table 3.168

3.2 Mutually coupled BOs configuration169

When the BOs are mutually coupled and identical, we observe that synchronization is170

achieved with changes in both stages; furthermore, the period increases with respect171

to its “natural” value T0=0.700 s as shown in Fig. 5 and Table 4. We observe that172

the BOs’ period becomes larger owing to the fact that the discharging time climbs173

markedly with the coupling strength β. On the contrary, the charging time remains174

almost constant. From Fig. 5, we remark that synchronization is easily attainable175
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Table 3. Modifications on the charging and discharging time of a slave BO compared with
the “natural” ones Tc01=0.500 s and Td01=0.200 s. Case of nonidentical oscillators with
β=8.0.

Natural charging Natural discharging Charging % change Discharging % change
time Tc02 [s] time Td02 [s] time Tc2 [s] on Tc2 time Td2 [s] on Td2
0.480 0.220 0.405 −15.625 0.295 34.091
0.520 0.180 0.451 −13.269 0.249 38.333
0.510 0.210 0.421 −17.451 0.279 32.857
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Fig. 4. Dynamic variables V1 for the master BO and V2 for the slave BO. The BOs are
nonidentical with parameter values for the master: Tc01=0.500 s, Td01=0.200 s, and initial
condition ∆φ=0.000 s; and for the slave: (a) Tc02=0.480 s, Td02=0.220 s; (b) Tc02=0.520 s,
Td02=0.180 s; and (c) Tc02=0.510 s, Td02=0.210 s. The coupling strength is β=8.0.
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Fig. 5. Dynamic variables V1 and V2 for mutually coupled BOs. The BOs are identical with
parameter values: Tc0=0.500 s, Td0=0.200 s, and coupling strength (a) β=1.0, (b) β=5.0,
and (c) β=8.0; with initial conditions ∆φ1=0.000 s for all cases, and ∆φ2=0.200 s, 0.400 s
and 0.485 s respectively for (a)–(c). Note that the binary variables ε1 and ε2 are represented
in each panel, in the central and the upper part respectively.

and this process for the BOs occurs chiefly during the first active phase. Another176

important aspect is that the silent time, as a rule, remains constant.177

When working with nonidentical BOs, a first observation is that contrary to the178

other cases studied until now, synchronization is not manifested by the equality of179

each intraburst period but by the fact that active phases and/or silent times, and180

interburst periods are the same for the oscillators. A glance of synchronous behavior181

of mutually coupled nonidentical BOs is shown in Fig. 6, and a summary of the182

possibilities in Table 5. In order to illustrate that intraburst periods are different, we183

consider the first row of Table 5, where the intraburst periods for the BO1 are: 0.787 s,184

0.809 s, 0.801 s, 0.795 s, 0.791 s and 0.789 s, and for the BO2: 0.802 s, 0.827 s, 0.809 s,185
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Table 4. Modifications on the charging and discharging time and also on the period of two
mutually coupled BOs compared with the “natural” quantities: Tc0=0.500 s, Td0=0.200 s
and T0=0.700 s. Case of identical oscillators.

β Tc1=Tc2 [s] %∆Tc Td1=Td2 [s] %∆Td T1=T2 [s] %∆T
1.0 0.500 0.00 0.215 7.50 0.715 2.14
5.0 0.500 0.00 0.309 54.50 0.809 15.57
8.0 0.499 −0.20 0.482 141.00 0.981 40.14

Table 5. Duration of active phases (Ta), silent times (Ts) and the corresponding interburst
periods (Tp) for two mutually nonidentical BOs, where the “natural” parameter values for
the BO1 are given by: Tc01=0.500 s, Td01=0.200 s; being the symmetrical coupling strength
β=5.0, and the initial conditions ∆φ1= 0.000 s, ∆φ2= 0.300 s.

Tc02 [s] Td02 [s] Ta1 [s] Ts1 [s] Ta2 [s] Ts2 [s] Tp=Tp1=Tp2 [s]
0.500 0.210 4.722 5.799 4.832 5.739 10.571
0.500 0.190 4.692 5.799 4.632 5.859 10.491
0.510 0.200 4.800 5.799 4.860 5.739 10.599
0.490 0.200 4.800 5.799 4.740 5.859 10.599
0.510 0.190 4.705 5.799 4.705 5.799 10.504
0.490 0.210 4.784 5.799 4.784 5.799 10.583
0.510 0.210 4.719 5.799 4.839 5.679 10.518
0.490 0.190 4.641 5.799 4.521 5.919 10.440
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Fig. 6. Dynamic variables V1 and V2 for mutually coupled nonidentical BOs with pa-
rameter values: Tc01=0.500 s, Td01=0.200 s, ∆φ1= 0.000 s, ∆φ2= 0.300 s, symmetrical
coupling strength β=5.0, and (a) Tc02=0.500 s and Td02=0.210 s, (b) Tc02=0.510 s and
Td02=0.200 s, and (c) Tc02=0.510 s and Td02=0.190 s. The main feature of synchronization
is the fact that interburst periods (Tp) are the same for both BOs; thus, Tp1=Tp2 holds
with values 10.571 s, 10.599 s and 10.504 s respectively for (a)–(c). The binary variables ε1
and ε2 are represented in each panel, in the central and the upper part respectively.

0.800 s, 0.793 s and 0.791 s. According to the results, we see that synchronization is186

possible for the BOs even for the nonidentical case.187

3.3 Master (NBO)–slave (NBO) configuration188

When dealing with identical NBOs, under a master–slave configuration, we observe189

interesting features such as the evolution of the slave’s signal towards the emergence190

of a delay between master and slave signals corresponding to the active phase of the191

slave oscillator (see Figs. 7b and c). In the case in which both NBOs have the same192

initial conditions, there is an almost perfect overlap of the signals and the consequent193

simultaneous firing of the NBOs, as shown in Fig. 7a. For the purpose of clarifying194
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Fig. 7. Dynamic variables V1 for the master NBO and V2 for the slave NBO. The NBOs
are identical with parameter values: Tc0=6.000 s, Td0=0.100 s, coupling β=5.0 and initial
condition ∆φ1=0.000 s and: (a) ∆φ2=0.000 s, (b) ∆φ2=0.010 sand (c) ∆φ2=3.000 s.
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regions in which a stable behavior is attained of (a) Fig. 7b and (b) Fig. 7c. Note that there
is a delay between the signals that is equal to the slave’s active phase, and that master silent
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what happens as a result of the action of the master on the slave, we represent in195

Figs. 8a and b, a magnification of a region of Figs. 7b and c, where it is possible to have196

a better insight on the delay between the master and slave signal that corresponds197

to the active phase of the slave. Consequently, the NBOs cannot share their firings198

except when they have the same initial conditions.199

When the NBOs are nonidentical, there is still an evolution of the slave towards200

the situation in which, the silent time of the slave is followed by that of the master as201

shown in Figs. 9b and c. In this case, the delay between the two signals corresponds202

to the active phase of the slave as in the case of identical NBOs and similar situations203

to those shown in Fig. 8 are present. Once again, if the NBOs have the same initial204

conditions, the signals of both NBOs almost overlap with the consequent coincidence205

in their firing as shown in Fig. 9a. Another important feature, in this case, is that the206

slave NBO recovers its “natural” parameter values, i.e., its own frequency. The latter207

implies that under these circumstances, the master does not impose its frequency to208

the slave, and consequently, NBOs do not share their firing process.209

3.4 Mutually coupled NBOs configuration210

When two NBOs are mutually coupled, we observe (see Fig. 10) that the oscillators211

never share their firing times when they do not have the same initial conditions.212

Nevertheless, they synchronize due to a sharp increase of their charging times, while,213

their discharging times remain constant as shown in Table 6. From Figs. 10a and b,214

we note that, contrary to the case of the master–slave configuration, the silent times215
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Fig. 9. Dynamic variables V1 for the master NBO and V2 for the slave NBO. The
NBOs are nonidentical with parameter values: Tc01=6.000 s, Td01=0.100 s, coupling β=5.0,
initial condition ∆φ1=0.000 s and: (a) Tc02=5.900 s, Td02=0.200 s and ∆φ2=0.000 s,
(b) Tc02=6.100 s, Td02=0.100 s and ∆φ2=0.300 s, and (c) Tc02=6.000 s, Td01=0.200 s
∆φ2=0.300 s.
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Fig. 10. Dynamic variables V1 and V2 for mutually coupled NBOs (NBO1 and NBO2
respectively). The NBOs are identical with parameter values: Tc0=6.000 s, Td0=0.100 s,
initial conditions ∆φ1=0.000, ∆φ2=0.100 s and symmetrical coupling strength (a) β=5.0,
(b) β=10.0, and (c) β=20.0. The binary variables ε1 and ε2 are represented in each panel,
in the central and the upper part respectively. (d)–(f) represent the signals in a magnified
form for the cases (a)–(c) respectively and when synchronization turns out to be stable.

Table 6. Modifications on the discharging and charging times and also on the period of two
mutually coupled NBOs compared with the “natural” quantities: Td0=0.100 s, Tc0=6.000 s,
and T0=6.100 s. Case of identical oscillators.

β Td1=Td2 [s] %∆Td Tc1=Tc2 [s] %∆Td T1=T2 [s] %∆T
5.0 0.100 0.00 6.815 13.58 6.915 13.36
10.0 0.100 0.00 7.627 27.12 7.727 26.67
20.0 0.100 0.00 8.200 36.67 8.300 36.07

of the oscillators do not follow one another. We also observe that the charging times216

grow markedly as a result of the inhibitory coupling during the charging stages. When217

the coupling is enough strong, as in Fig. 10f, the charging stage is reset to its baseline.218

When considering two mutually coupled nonidentical NBOs, we observe from the219

examples shown in Fig. 11 a similar behavior than in the other cases related to NBOs,220

i.e., in general, the NBOs do not fire simultaneously and in some cases, the silent times221
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Fig. 11. Dynamic variables V1 and V2 for nonidentical mutually coupled NBOs (NBO1
and NBO2 respectively) with parameter values: Tc01=6.000 s, Td01=0.100 s, initial condi-
tions ∆φ1=0.000 s, ∆φ2=0.030 s, ∆φ2=0.100 s and symmetrical coupling strength β=2.0
when (a) Tc02=5.900 s, Td02=0.100 s, (b) Tc02=6.100 s, Td02=0.200 s and Tc02=5.900 s,
Td02=0.005 s. The binary variables ε1 and ε2 are represented in each panel, in the central
and the upper part respectively. (d)–(f) represent the signals in a magnified form for the
cases (a)–(c) respectively and when the systems attains a stable situation.

Table 7. Duration of charging and discharging times and active phases for two mutually
coupled nonidentical NBOs, where the “natural” parameter values for NBO1 are given by:
Tc01=6.000 s, Td01=0.100 s; being the symmetrical coupling strength β=2.0, and the initial
conditions ∆φ1= 0.000 s, ∆φ2=0.030 s.

Tc02 [s] Td02 [s] Tc1 [s] Td1 [s] Ta1 [s] Tc2 [s] Td2 [s] Ta2 [s]
6.000 0.200 6.366 0.100 6.466 6.366 0.200 6.566
6.000 0.050 6.183 0.100 6.283 6.183 0.050 6.233
6.100 0.100 6.321 0.100 6.431 6.431 0.100 6.531
5.900 0.200 6.357 0.100 6.457 6.307 0.200 6.507
6.100 0.005 6.185 0.100 6.285 6.285 0.050 6.335
5.900 0.100 6.330 0.100 6.430 6.213 0.100 6.313
6.100 0.200 6.375 0.100 6.475 6.475 0.200 6.675
5.900 0.050 6.181 0.100 6.281 6.081 0.050 6.131

follow one after the other (Fig. 11c). On the other hand, in a wide range of parameter222

values, the NBOs’ charging times grow significantly, as shown in Table 7. Concerning223

the discharging times, they preserve their “natural” values when the system stabilizes.224

The study of different configurations of NBOs shows that synchronization between225

them is not a usual feature, and in general, they do not fire simultaneously, except226

when their initial conditions are the same.227

3.5 Master (BO)–slave (NBO) configuration228

In Sects. 3.1–3.4, we clearly established the differences between BOs and NBOs by229

studying several configurations of the same type of oscillators. The results obtained230

in the aforementioned sections show that BOs and NBOs display different behavior231

and in this sense, we can affirm that they are strongly dissimilar. Here, we address232

the study of configurations in which both types of oscillators are present. When a233
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Fig. 12. Dynamic variables V1 and V2 corresponding respectively to a BO (master)
and an NBO (slave) with parameter values: Tc1=0.500 s, Td1=0.200 s, Tc02=6.000 s,
Td02=0.100 s, β=1.0, initial conditions ∆φ1=0.000 s, (a) ∆φ2=0.000 s, (b) ∆φ2=0.300 s
and (c) ∆φ2=3.000 s. (d)–(f) representation of the same situations (a)–(c) but when the
behavior has attained stability.

BO plays the role of a master acting on an NBO (slave), we observe that for different234

initial conditions, the BO drives the NBO, producing firstly, an increase of the active235

phase of the NBO (see Figs. 12a–c), and subsequently, when stabilization occurs,236

causing that the silent time of the NBO is immediately followed by that of the BO237

(see Fig. 12d–f). According to the latter results and the NBO’s features, it is found238

that the NBO does not modify its “natural” parameters and it always fires when the239

active phase of the BO starts.240

3.6 Master (NBO)–slave (BO) configuration241

When the NBO plays the role of the master and the BO is the slave, we observe242

that depending on the initial conditions, the NBO can affect or not the dynamics of243

the BO. The last situation is the most likely as shown in Fig. 13a, where the NBO244

fires during the silent time of the BO and consequently without any effect on its245

dynamics. Another situation is presented in Fig. 13b, where the effect of the firing246

of the NBO only affects the first spike of the BO’s active phase. On the contrary,247

another initial condition leads to a situation in which only the sixth spike of the248

BO’s active phase is affected by the action of the NBO (see Fig. 13c). Owing to the249

fact that the NBO’s discharging time is very short, the action on the BO’s dynamics250

appears to be insubstantial. Nevertheless, it is important to remark that this slight251

action could turn out to be important when there are several oscillators as stated in252

[42]. Figs. 13d–f magnify the situations presented in Figs. 13a–c.253

3.7 Mutually coupled BO and NBO configuration254

We now address our attention to the study of mutually coupled dissimilar oscilla-255

tors, i.e, BOs and NBOs. Firstly, we consider one BO mutually coupled to an NBO256

with parameter values Tc01=0.500 s, Td01=0.200 s, Tc02=6.000 s, Td02=0.100 s, ini-257

tial conditions ∆φ1=0.000 s, ∆φ2=0.000 s, and three different symmetrical coupling258

strength as show in Fig. 14. The latter shows that for any coupling strength, the259
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Fig. 13. Dynamic variables V1 and V2 corresponding respectively to an NBO
(master) and a BO (slave) with parameter values: Tc1=6.000 s, Td1=0.100 s, Tc02=0.500 s,
Td02=0.200 s, β=20.0, initial conditions ∆φ2=0.000 s, (a) ∆φ1=0.000 s, (b) ∆φ2=4.000 s
and (c) ∆φ2=6.000 s. (d)–(f) representation of the same situations (a)–(c) but when the
behavior has attained stability.
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Fig. 14. Dynamic variables V1 and V2 corresponding respectively to a BO and an
NBO with parameter values: Tc01=0.500 s, Td01=0.200 s, Tc02=6.000 s, Td02=0.100 s,
initial conditions ∆φ1=0.000 s, ∆φ2=0.000 s, and symmetrical coupling strength
(a) β=1.0, (b) β=10.0 and (c) β=20.0. (d)–(f) representation of the same situations
(a)–(c) but focusing on the firings of the NBO and the first spike of the BO when the
behavior has attained stability.

NBO ends by firing just before the first firing of the BO. Fig. 14 shows that BO acts260

considerably on the NBO during the first active phases and forcing the NBO to fire261

before the first firing of the BO. After this situation is attained, the oscillators only262

interact during the firing of the NBO and the first firing of the BO. The last produces263

small changes in the duration of the active phases of both oscillators but the duration264

of their phrases (Tp) remaining the same as stated in Table 8.265

A second situation considers different values of the NBO’s charging time with266

strong coupling β=20.0. When the discharging times are less than the value consid-267

ered in the first situation, we observe that the BO acts on the NBO only during the268
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Table 8. Duration of active phases (Ta), silent times (Ts) and the corresponding interburst
periods (Tp) for a BO and an NBO mutually coupled, where the “natural” parameter val-
ues for BO1 are given by Tc01=0.500 s and Td01=0.200 s, and the initial conditions are
∆φ1= 0.000 s, ∆φ2=0.000 s. Note that nd, OD and v state respectively for not defined,
oscillation death and variable.

Tc02 [s] Td02 [s] β Ta1 [s] Ts1 [s] Tp1 [s] Ta2 [s] Ts2 [s] Tp2 [s]
6.000 0.100 1.0 5.800 4.199 9.999 3.900 6.099 9.999
6.000 0.100 10.0 5.800 4.180 9.980 3.900 6.080 9.980
6.000 0.100 20.0 5.800 4.167 9.967 3.900 6.067 9.967
5.000 0.100 20.0 5.800 4.200 10.000 4.900 5.100 10.000
6.330 0.100 20.0 5.800 4.200 10.000 nd OD OD
7.000 0.100 20.0 5.800 4.200 10.000 nd OD OD
7.000 0.100 0.5 5.800 4.200 10.000 2.900 v v
7.000 0.100 1.0 5.800 4.200 10.000 2.900 v v
7.000 0.100 2.0 5.800 4.200 10.000 2.900 17.100 20.000
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Fig. 15. Dynamic variables V1 and V2 corresponding respectively to a BO and an
NBO with parameter values: Tc01=0.500 s, Td01=0.200 s, Td02=0.100 s, initial conditions
∆φ1=0.000 s, ∆φ2=0.000 s, symmetrical coupling strength β=20.0 and discharging time
for the NBO (a) Tc02=5.000 s, (b) Tc02=6.330 s and (c) Tc02=7.000 s. (d)–(f) representa-
tion of the same situations (a)–(c) but focusing on the oscillators’ active phases when the
behavior has attained stability.

first active phase. Then, there is in a certain way a decoupling between the oscillators269

because the firings of each oscillator act on the silent times of the other oscillator270

and consequently without any effect (see Fig. 15a). When the NBO’s charging time271

is greater or equal to Tc02=6.330 s, oscillation quenching occurs on the NBO, more272

concretely, oscillation death, an interesting phenomenon that might arise due to a273

strong coupling [31] as in the cases shown in Figs. 15b–c. Even though there seems274

to be an oscillatory behavior on the NBO, actually, oscillation death is manifested275

by the fact that the NBO’s signal cannot attain the upper threshold anymore and276

as a consequence, it cannot neither fire nor exert any influence on the BO. Other277

issues got from Figs. 15b–c, are the facts that silent times are not present and also278

the binary variable ε does neither change; these features are other manifestations of279

oscillation death.280
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Fig. 16. Dynamic variables V1 and V2 corresponding respectively to a BO and an NBO with
parameter values: Tc01=0.500 s, Td01=0.200 s, Tc02=7.000 s, Td02=0.100 s, initial condi-
tions ∆φ1=0.000 s, ∆φ2=0.000 s and symmetrical coupling strength (a) β=0.5, (b) β=1.0
and (c) β=2.0. (d)–(f) representation of the same situations (a)–(c) but focusing on the os-
cillators’ active phases after a certain time.

A final situation is shown in Fig. 16 when the charging time of the NBO is281

Tc02=7.000 s and different coupling strengths are considered. When the coupling282

strength is weak, the system does not attain stability and the duration of each ac-283

tive phase is not constant (see Figs. 16a–b). In these cases, the NBO can act on the284

BO and as a result, the BO’s active phase becomes slightly shorter as it is stated in285

Table 8. When the coupling strength increases β=2.0, the NBO is periodic but with286

a much longer active phase (see Fig. 16c). In this case, the system stabilizes and only287

the BO acts on the NBO, the opposite is not possible. Finally, for greater coupling288

strengths, we find that oscillation death appears as in Fig. 15c.289

The information obtained in this section gives us interesting information in what290

concerns the behavior of mutually coupled dissimilar oscillators. It is remarkable the291

fact that oscillation death can occur with the increase of coupling strength and it is292

also noticeable that for certain situations, the interburst period might be the same293

for both oscillators.294

3.8 Two NBOs and one BO mutually coupled configuration295

When there are two NBOs and one BO mutual and symmetrically coupled (N =3),296

the behavior of the system depends strongly on the coupling strength as shown in297

Fig. 17, where the evolution of the binary variable ε is depicted for three different298

values of the coupling strength. In Figs. 17a–b, the system does not stabilize and the299

NBOs fire at different times. On the other hand, in Fig. 17c, the system stabilizes300

very quickly to a situation in which the two NBOs fire simultaneously and just before301

the beginning of an active phase of the BO. The latter signifies that the BO plays a302

stabilizing role on the NBOs, i.e., it is possible to control the NBOs by means of a303

BO. The results could be extended to a system composed of several NBOs which can304

be identical or nonidentical, with or without the same coupling strength.305

The results shown in Fig. 17c, indicate that the NBOs might be controlled by the306

BO. Thus, it is possible to address a study about control issues. Other possibilities307

such as the fact that only the BO can influence the NBOs (a situation similar to308

master–slave) deserve a deeper study on how a BO controls NBOs.309
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Fig. 17. Evolution of the binary variables ε when parameter values are for the BO
Tc01=0.500 s, Td01=0.200 s, and for the NBOs Tc0=6.000 s, and Td0=0.100 s, whereas, the
initial conditions are ∆φ1=0.000 s, ∆φ2=0.100 s and ∆φ2=0.300 s; the coupling strength
is symmetrical with values (a) β=1.0, (b) β=2.0 and (c) β=3.0.

3.9 Two or more BOs and one NBO mutually coupled configuration (N ≥ 3)310

Now, when considering two BOs mutually coupled to an NBO, we see that both BOs311

firstly produce oscillation death on the NBO and then when the BOs synchronize,312

the NBO recovers its oscillatory behavior. The aforementioned phenomenon occurs313

very quickly as shown in Fig. 18a. This result is very important because it explains314

the so-called response to synchronization, a phenomenon occurring in some species315

of fireflies as it has been stated in Sect. 2. In Fig. 18b are represented the signals316

from a system constituted of 5 BOs and 3 NBOs. Again, the nonsynchronous BOs317

provoke oscillation death on the NBOs. Then, a sporadic synchronization of BOs in-318

duces simultaneous firing of the NBOs. The desynchronization of the BOs follows the319

sporadic synchronization until finally, stable synchronization is achieved and conse-320

quently with the simultaneous response of the NBOs. It is important to mention that321

the examples shown in Fig. 18 are characterized by the fact that the oscillators are322

nonidentical, the coupling strength is symmetrical but not the same for each pair of323

oscillators, and the initial conditions are randomly chosen.324

4 Discussion325

From the results obtained in Sect. 3, we must point out that the study of each of the326

possible configurations, gives us important information on the individual behavior of327

the oscillators and also about the sets of coupled oscillators. The BOs and the NBOs328

are dissimilar oscillators not only by the fact that their signals are quite different but329

also by their reactions to stimuli (the firing of other oscillators). The exhaustive study330

carried out on both type of oscillators allowed us to understand the individual behav-331

ior of these oscillators. Furthermore, we got the essentials to figure out the collective332

behavior of populations of mutually coupled oscillators. It is important to remark333

that a set of BOs could easily achieve synchronization, manifested by the sharing of334

their firings. On the contrary, the individuals of a set of NBOs, in general, cannot335

fire simultaneously. Two phenomena arise in mingled populations of BOs and NBOs:336

firstly, the possibility to control the oscillatory behavior of the NBOs’ set by means337
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Fig. 18. Evolution of the binary variables ε for a set of BOs and NBOs, being the oscillators
of each group nonidentical, the coupling strength symmetrical but not the same for each
pair of oscillators, and the initial conditions chosen randomly. (a) Two BOs and one NBO.
(b) Five BOs and three NBOs.

of a single BO, and secondly, the emergence of response to synchronization. The re-338

sponse to synchronization occurs after a first process of oscillation death provoked in339

the NBOs’ set as a result of desynchronized BOs. Nevertheless, as BOs synchronize,340

oscillation death on NBOs is suppressed, i.e, they recover their oscillatory behavior,341

triggering off simultaneous firing or well-defined firing patterns. From a dynamical342

systems theory point of view, it is clear that the emergent phenomena studied in this343

work, are a consequence of the oscillators’ features that can give rise to multistability344

through bifurcations according to their values, especially when dealing with popula-345

tions N ≥ 3. The different attained stable regimes depend on the parameters, such346

as charging and discharging times, interburst period, coupling strength and also ini-347

tial conditions. The tuning of the above mentioned quantities could lead to different348

response patterns and also affect the transients in particular when N ≥ 3. After the349

detailed study performed in Sect. 3, we can summarize the most important issues in350

Table 9.351

5 Conclusions and perspectives352

We have reviewed exhaustively the dynamical aspects of dissimilar oscillators involved353

in the phenomenon of response to synchronization. The analysis allowed us to unravel354

the primary mechanisms leading to synchronization response. Firstly, the nonsynchro-355

nized BOs induce oscillation death in the NBO(s). Secondly, when the BOs partially356

synchronize, they induce a sporadic and/or partial response in the NBO(s) (the os-357

cillatory behavior is sporadically recovered). Finally, when the BOs are completely358

synchronized, the response of the NBO(s) is permanent (the oscillatory behavior is359

completely recovered). Another interesting phenomenon which was found is pertinent360

to the possibility to control a population of nonsynchronous oscillators by means of an361

oscillator that might induce simultaneous firings in the individuals of the aforemen-362

tioned population. In all cases, parameter values, coupling strength and even initial363

conditions are important in what concerns the stable state and the transient, i.e.,364

the systems studied in this work exhibit multistability. When dealing with functional365

systems, e.g., population of fireflies or neurons, the response to synchronization might366
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Table 9. Summary of the most important results concerning coupled BOs and/or NBOs.

Type of Type of Coupling Oscillators’ Main features of the
oscillator oscillator configuration relationship resulting behavior
BO BO master–slave identical Sharp decline in Tc.

Strong increase in Td.
Constant active phase.

BO BO master–slave nonidentical Sharp decline in Tc.
Strong increase in Td.
Constant active phase.

BO BO mutually coupled identical Synchronization is easily
attained.

BO BO mutually coupled nonidentical Synchronization is manifested
by the equality of interburst
periods.

NBO NBO master–slave identical Silent time of the slave is
followed by the silent time
of the master.
They do not fire together.

NBO NBO master–slave nonidentical Master does not impose its
frequency to the slave.
They do not fire together.

NBO NBO mutually coupled identical Strong increase in their
charging times Tc.
Synchronization with a
phase delay.
They do not fire together.

NBO NBO mutually coupled nonidentical Strong increase in their
charging times Tc.
Synchronization is not
very common.
They do not fire together.

BO NBO mutually coupled Strong increase in NBO’s Tc.
Strong coupling can produce
oscillation death on NBO.

NBOs BO mutually coupled Strong increase in NBOs’ Tc.
Strong coupling can produce
oscillation death on NBO.
BO can control NBOs which
can fire simultaneously.

BOs NBOs mutually coupled Strong increase in NBO’s Tc.
Strong coupling can produce
oscillation death on NBO.
Synchronization of BOs is
followed by the simultaneous
firing of NBOs.
Response to synchronization.

be explained in terms of two dissimilar groups (for instance males and females). The367

individuals of one of the groups when emitting disordered signals, inhibit the oscil-368

latory behavior of the individuals of the other group. Then, when the individuals of369

the first group synchronize, the oscillatory behavior of the individuals of the second370

group is recovered. The firings of the individuals of the second group might be seen371

as responses to synchronization of the individuals of the first group. In summary,372
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two interesting phenomena have been studied here: control of firings and response to373

synchronization. Based on the features stated in this work that have clarified both374

individual and collective behavior of pulse-coupled dissimilar oscillators, it is possible375

to deeply study the collective behavior of these interacting dissimilar oscillators both376

from theoretical and experimental point of view, especially when the sets are com-377

posed by a considerable number of oscillators. The latter could contribute to a better378

understanding of systems that exhibit the phenomenon of response to synchroniza-379

tion, viz. fireflies, neurons, and possibly other animals and other type of cells. We are380

currently analyzing the role of network topologies, as studied in [48], for the systems381

described in this work.382
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